We present a disc-halo N-body model of the low surface brightness galaxy UGC 628, one of the few systems that harbours a "slow" bar with a ratio of corotation radius to bar length of R ≡ R c /a b ∼ 2. We select our initial conditions using SDSS DR10 photometry, a physically motivated radially variable mass-to-light ratio profile, and rotation curve data from the literature. A global bar instability grows in our submaximal disc model, and the disc morphology and dynamics agree broadly with the photometry and kinematics of UGC 628 at times between peak bar strength and the onset of buckling. Prior to bar formation, the disc and halo contribute roughly equally to the potential in the galaxy's inner region, giving the disc enough self gravity for bar modes to grow. After bar formation there is significant mass redistribution, creating a baryon dominated inner and dark matter dominated outer disc. This implies that, unlike most other low surface brightness galaxies, UGC 628 is not dark matter dominated everywhere. Our model nonetheless implies that UGC 628 falls on same the relationship between dark matter fraction and rotation velocity found for high surface brightness galaxies, and lends credence to the argument that the disc mass fraction measured at the location where its contribution to the potential peaks is not a reliable indicator of its dynamical importance at all radii.
INTRODUCTION
Bars provide a testing ground for our theories of galaxy evolution, structure and dynamics. In particular, since the susceptibility of a galactic disc to bar-like instabilities is a function of the relative contributions to the gravitational potential of the disc, bulge, and dark halo, bars can be used to constrain mass models and break the disc-halo degeneracy that plagues rotation curve decomposition. The strength, pattern speed, and length of a bar all depend on the structure of the host galaxy, a point illustrated in numerous N-body experiments. For example, the quintessential strong, thin, and long bar can develop through an m=2 instability in galaxy models where the disc contribution to the centripetal force is comparable to that of the bulge and halo inside a few disc scale lengths (e.g see the review by Sellwood 2014) . By contrast, if the disc completely dominates the centripetal force in the inner region, the bar that develops will be shorter, fatter, E-mail: mchequers@astro.queensu.ca and more boxy (Athanassoula 2003) .
The contribution of the disc to the centripetal force can be represented by the dimensionless ratio
where V (R) is the total circular speed at radius R, V d is the contribution to V from the disc, and X denotes a multiple of the exponential disc scale length R d (van Albada et al. 1985; Sackett 1997 ). F X is commonly evaluated at R = 2.2R d , where the disc contribution to the mass distribution peaks. It is often more useful to consider disc maximality in terms of F 2 X , rather than the classical quantity defined in equation (1), since F 2 X is a more direct measure of the mass contribution from the disc to the total mass budget of the galaxy enclosed within the radius XR d . By convention, discs are described as maximal if F 2 2.2 > 0.72. The first case described above corresponds to a submaximal disc (F 2 2.2 0.5) while the second, a maximal one.
In this paper, we consider the low surface brightness (LSB) galaxy UGC 628. This galaxy has a clear photometric bar (de Blok et al. 2001; de Blok & Bosma 2002; Chemin & Hernandez 2009 ) and is commonly classified as Sbc-Sm (de Vaucouleurs et al. 1991) . LSB galaxies are thought to be dark matter dominated in the inner disc (Bothun et al. 1997; de Blok et al. 2001; Combes 2002; de Blok & Bosma 2002; Kuzio de Naray et al. 2008 ) and indeed, the mass model for UGC 628 by de Blok & Bosma (2002) has F 2 2.2 0.09-0.16. The mere presence of a bar in a galaxy with such a small F 2 2.2 value already challenges our understanding of bar formation because self-gravity in the disc is so low (Mayer & Wadsley 2004) . Indeed, the bar fraction in LSB galaxies is a mere ∼ 4% (Mihos et al. 1997) , while that in their high surface brightness counterparts is about an order of magnitude higher (e.g. Marinova & Jogee 2007) .
Our main interest in UGC 628 is due to the claim by Chemin & Hernandez (2009) that its bar is "slow". A bar with pattern speed Ω p has a corotation resonance at radius R c defined by the condition Ω (R c ) = V(R c )/R c = Ω p . Corotation sets a theoretical upper bound on the length of the bar a B and therefore the dimensionless ratio R ≡ R c /a B is expected to be greater than unity. Moreover, for a given a B , Ω p < Ω(a B ) so long as Ω is a decreasing function of R, which is almost always the case. Thus, bars with R close to unity have a pattern speed as fast as nature will allow. By convention, bars are defined respectively as "fast" or "slow" depending on whether R is less than or greater than 1.4.
It is notoriously difficult to measure the length and pattern speed of bars in real galaxies (and for that matter, simulated ones) and therefore estimates of R are generally plagued by large uncertainties. Nevertheless, of the tens of galaxies (Rautiainen et al. 2008; Aguerri et al. 2015) for which R has now been measured, the vast majority appear to be fast. Indeed, UGC 628 is one of only three galaxies that are observed to have a slow bar, the others being the blue compact dwarf NGC 2915 (Bureau et al. 1999 ) and the dwarf irregular NGC 3741 (Banerjee et al. 2013) .
The preponderance of fast bars especially among massive, bright galaxies is easy to understand. Once a bar-like perturbation develops, it causes circular orbits inside corotation to become elongated in the same sense as the perturbation thereby enhancing the putative bar. By contrast, circular orbits outside corotation are elongated perpendicular to the perturbation (See Contopoulos 1980) . The bar rapidly develops and grows out to its corotation radius. The bar pattern speed may decrease with time, via dynamical friction (Chandrasekhar 1943; Mulder 1983; Weinberg 1985) for example, however, this only allows for more stars to participate in the bar mode as corotation is pushed to larger radii. Thus, Ω p can decrease but the bar remains "fast" (Athanassoula 2013).
These arguments may not hold for LSB galaxies. Marinova & Jogee (2007) showed that a B rarely exceeds R 25 , the radius the surface brightness isophote equals 25 mag arcsec −2 . Evidently, once R c approaches R 25 discs lack the surface density out to corotation necessary to support a fast bar. Additionally, the strong shear in this region implied by flat galaxy rotation curves destabilizes the development of precessing bar orbits. Thus, it may not be surprising that an LSB galaxy (where the surface brightness is everywhere lower than in typical discs) like UGC 628 harbours one of the few known examples of a slow bar.
The previous discussion suggests that R should depend on a galaxy's morphological type. This hypothesis is supported by Rautiainen et al. (2008) who estimated pattern speeds for 38 barred galaxies by modelling near-infrared and optical images. In short, they simulated the response of a gas and stellar disc to a rigidly rotating m=2 potential perturbation and varied Ω p until the simulated disc morphologies matched observations. They found that R gradually increased from early to late type galaxies; Sa through Sb galaxies tended to have fast bars while Sbc through Scd galaxies tended to have slow ones. By contrast, the bar pattern speeds measured by Aguerri et al. (2015) , who applied the Tremaine-Weinberg method (Tremaine & Weinberg 1984) to stellar absorption line maps and optical images of 15 CAL-IFA survey galaxies, all point to fast bars with no dependence on morphology. However, they did not include galaxies with Hubble type later than Sbc. Thus, whether bars are generally fast or slow remains an open question.
In this paper, we present a dynamical N-body model for UGC 628 by evolving an (initially) exponential stellar disc in a live Navarro-Frenk-White (NFW) halo (Navarro et al. 1996) for ∼12 Gyr. Our goals are two-fold. The first is to construct a model of this LSB galaxy that forms a bar. Indeed, the exponential disc inferred by de Blok & Bosma (2002) for UGC 628 has so little mass that, when evolved as an N-body model, it develops flocculent spiral structure but no bar. We re-examine the surface photometry of UGC 628 using updated multi-colour images and a variable stellar mass-to-light ratio. We find a steeper surface density profile than previously reported, from which we construct a barunstable N-body model that reproduces the morphology and kinematics of UGC 628 at late times. With this model in hand, we then proceed to examine how the bar in UGC 628 redistributes mass in the disc and the implications of that re-distribution for the dark matter mass fraction in this LSB galaxy.
Our procedure for constructing the dynamical model of UGC 628 is outlined in Section 2. This model provides initial conditions for our N-body simulations, which are described in Section 3 where we compare our model to observations of UGC 628 and discuss the quantitative properties of the bar. We discuss the implications of our results for the mass distribution in UGC 628 and summarize in Section 4. Throughout, we adopt a distance for UGC 628 of 71.2 Mpc and an inclination of 56 o (Chemin & Hernandez 2009 ).
MODELLING UGC 628
In this section we present our approach for constructing Nbody models of UGC 628. We derive the galaxy's surface density profile from extant SDSS data and colour-mass-tolight ratio relations in Section 2.1 and use it together with rotation curve data described in Section 2.2 to generate initial conditions for the simulations detailed in Section 2.3. 
Surface Density Profile from Photometry

XVISTA
1 was used to fit isophotal contours to an SDSS DR10 (Ahn et al. 2014 ) r-band image. The break in the resulting r-band isophotal profile (Fig. 1a) at ∼4 kpc divides the disc into two regions, with the inner region corresponding to the bar. The r-band solution was imposed on g-and i-band images and surface brightness profiles were generated in each band.
Into & Portinari (2013) tabulated colour-mass-to-light relations for a variety bands, and mass-to-light profiles derived using different combinations of g, i, and r for UGC 628 are comparable. The g-i colour profile presented in Fig. 1b was selected to take advantage of the colour stability due 1 http://ganymede.nmsu.edu/holtz/xvista to the largest difference between bands. The g-i colour profile shows a number of features with amplitudes ∼ 0.2 mag and length scales of order 1 kpc. The most pronounced of these occur for R between 3 and 9 kpc and are likely due to colour variations in the bar and spiral arms. We note that the bar is also responsible for large, rapid variations in the ellipticity and position angle of the r-band isophotal contours, which were used to derive the g-and i-band surface brightness profiles. The inner portion of the resulting mass-to-light ratio profile, shown in Fig. 1c , has higher mass-to-light and a steeper gradient than the outer portion of the profile. Thus, we model the mass-to-light ratio profile as a continuous piecewise linear function with two segments. Fig. 1d shows the inferred surface density profile that was constructed by combining the r-band surface brightness profile in Fig. 1a and the mass-to-light profile fit in Fig. 1c . The uncertainties were calculated by propagating uncertainty from the r-band surface brightness profile and the piecewise linear fit of the mass-to-light profile. This surface density profile guided the selection of initial disc parameters in the N-body simulations of UGC 628, and serves as a basis of comparison with simulation snapshots. In comparison, the surface density profile of the de Blok & Bosma (2002) model of UGC 628 possesses a shallower slope and much smaller central density, which results from measuring an exponential scale length in the outer part of the surface brightness profile and applying a constant mass-to-light ratio.
Rotation Curve Data
Rotation curve data derived from optical Hα velocity field observations from de Blok & Bosma (2002) and Chemin & Hernandez (2009) is shown in Fig. 2a . We see that the two data sets are formally inconsistent with one another, particularly in the range R ∼ 3-6 kpc. This discrepancy in the inner region is mitigated when improved Hα velocity field data with higher angular sampling, compared to Chemin & Hernandez (2009) , are considered (L. Chemin, private communication). However, we note that neither Chemin & Hernandez (2009 ) nor de Blok & Bosma (2002 accounted for bisymmetric flows when deriving rotation curves from the measured line-of-sight velocities. Because the bar in UGC 628 projects near the major axis, rotation curves derived ignoring the bar flows are biased low relative to the true circular velocity (Spekkens & Sellwood 2007; Dicaire et al. 2008; Randriamampandry et al. 2016) . We account for this observational bias when comparing our models to the rotation curve data sets in Section 3.1. We do use the general shape of the rotation curve, especially in the outer regions of the galaxy where V(R) is approximately constant, to guide the selection of halo model parameters.
Initial Conditions for N-body Simulations
We generate initial conditions for our N-body simulations using the GalactICS code (Kuijken & Dubinski 1995; Widrow et al. 2008) , which allows one to construct axisymmetric, multicomponent galaxy models that are in approximate dynamical equilibrium. The models in the present study comprise a stellar disc and an NFW dark halo. Particles for the disc are drawn from a phase space distribution function that depends on the energy, angular momentum about the symmetry axis, and vertical energy. By construction, this distribution function yields a disc whose space density is given by
where M d is the total disc mass and z d is the disc scale height. In addition, the radial velocity dispersion of the disc is an exponential function of R:
where σ 0 is the central dispersion and R σ is the radial scale length of the squared dispersion profile. The velocity dispersion in the azimuthal direction is calculated from the epicycle approximation. Finally, the disc is constructed to be approximately isothermal in the direction perpendicular to the disc plane. The halo distribution function depends only on the energy and is constructed to yield an NFW density profile (Navarro et al. 1996) 
where a h is the NFW scale length and σ h is the characteristic velocity scale.
The input values for R d and M d are found by fitting the surface density profile to a single exponential function, as shown in Fig. 2b . We then set z d = R d /6 as suggested in a study of edge-on galaxies by van der Kruit & Searle (1981) . Furthermore, we assume that the exponential scale length for σ 2 R is the same as for the surface density, i.e. R σ = R d (Bottema 1993) . Finally, we set the central radial velocity dispersion so that the Toomre Q parameter (Toomre 1964 ) is equal to unity at R = 2.5R d .
The halo parameters a h and σ h were chosen to produce a reasonable fit (chi-by-eye) to the observed outer rotation curve. A comparison of the disc-halo rotation curve decomposition of our initial conditions and the de Blok & Bosma (2002) and Chemin & Hernandez (2009) Parameter values used for our model are presented in Table 1 . The disc and halo distribution functions were populated with 10 6 and 2 × 10 6 particles, respectively. The models were simulated using gadget-2 (Springel 2005) for ∼11.7 Gyr (roughly 195 dynamical times at R = 2.2R d ) with a softening length of 40 pc for both disc and halo particles. Minimum and maximum time steps were set to 0.01% and 0.2% of the galactic dynamical time defined at a radius of 20 kpc. Energy was conserved to within a maximum of 0.04% over the simulation runtime.
Additional simulations were run to test the sensitivity of our results to the model parameters; and we have verified that models with initial parameter values of 2 < R d < 3.5 kpc and 1 < Q(2.5R d ) < 1.5 produce similar results. The same cannot be said for an N-body model with the shallower, less Figure 3 . The surface brightness distributions of our UGC 628 model when the bar mode begins to grow (t = 3 Gyr), at peak bar strength (t = 5 Gyr), and after buckling (t = 8.5 Gyr), projected on the sky plane using the same log-scale. The leftmost image is a sky-subtracted log-scale r-band SDSS image of UGC 628. A distance legend corresponding to both the simulated and observed images is also shown. dense disc of de Blok & Bosma (2002) . The parameters for our realization of their model are also given in Table 1 . In this case, the galaxy develops flocculent spiral structure but never forms a bar.
BAR FORMATION AND EVOLUTION IN THE SIMULATED MODELS
Comparison to UGC 628
In Fig. 3 we show a sky subtracted log-scale r-band image of UGC 628 alongside the projected log-scale disc surface brightness from our simulation when the bar mode begins to grow (t = 3 Gyr), at peak bar strength (t = 5 Gyr), and after buckling (t = 8.5 Gyr; see Section 3.2). The surface brightness images were constructed by applying the massto-light fit (Fig. 1c) to convert N-body particle mass to luminosity. The bar position angle in the simulations was chosen to match that in the observations. Additionally, the simulated discs were truncated at R = 12.5 kpc before they were projected onto the sky to mimic the sky subtraction used in producing the r-band image. At all times, the inner disc of our model has a clear central bar. In addition, spiral arms emanating from the ends of the bar are visible, especially in the t = 3 and t = 5 Gyr snapshots. The bar at 5 Gyr is far narrower than that in the r-band image. Conversely, the bar at 8.5 Gyr does not extend quite as far in length as the bar in UGC 628. Thus, the bar in UGC 628 may be best-fit by our model at a time between peak strength and buckling.
The surface density and rotation curve decomposition profiles at t = 3, 5, and 8.5 Gyr are presented in Fig. 4 . The evolution of the surface density profile in the top row of Fig. 4 shows considerable mass redistribution within the disc. Disc material initially at R ∼ 5 kpc is mainly redistributed to the central bar region, although some disc material moves to the outer disc near R c . We note that, even just after the formation of the bar at t = 3 Gyr, the disc surface density at R c is low and the shear is high because the rotation curve is already flat.
The surface density profile at t = 8.5 Gyr matches the observed profile decently, and the break in the profile occurs around the correct radius. Additionally, the surface density in the outer disc captures the proper decrease in density apparent in the observational data. Of course, choosing to compare the surface density profile at t = 8.5 Gyr to observations is arbitrary, and we find slightly better or worse agreement depending on the simulation snapshot. However, after the bar buckles the surface density stays roughly constant while the disc is continually being heated in both the in-plane and vertical directions. The circular velocity curves in the bottom row of Fig. 4 were computed by calculating the total in-plane force from all particles (black line) and from the disc (red line) and halo (blue line) potentials using direct summation on 5000 test particles uniformly distributed within the disc mid-plane. For R > 5 kpc, the model rotation curves are in good agreement with the observed rotation curves at all times. At later times once the bar has buckled, the disc contribution in the bar region is strongly increased. For R < 5 kpc, the initial circular velocity is considerably larger than that measured by Chemin & Hernandez (2009) , but agrees with that obtained by de Blok & Bosma (2002) . The increased circular velocity of the system at later times in the simulation is also broadly consistent with the de Blok & Bosma (2002) measurements except at R = 1 kpc, where the simulated circular velocity exceeds the measured value. As discussed above, this discrepancy between our model and the data is not surprising because Chemin & Hernandez (2009) and Bosma (2002) do not account for bisymmetric flows when deriving the rotation curves (see Section 2.2). The cyan lines in the bottom panels of Fig. 4 show the rotation curves that we derive from line-of-sight velocities of the model projections in Fig. 3 , under the assumption of axisymmetry. There is good agreement between these curves and the observational data.
Bar Properties
Section 3.1 established good qualitative agreement between the photometry and kinematics of UGC 628 and those of our barred galaxy model around the time of buckling. To quantify the strength of the bar modes in our model we expand the surface density of the disc into a Fourier series in azimuthal angle φ of m-fold density symmetries and find the magnitude of the m=2 Fourier coefficient (Sellwood & Athanassoula 1986 ) for all disc particles with cylindrical radius R < 5 kpc, the region that encompasses the bar at late times. We assume that the bar is the only bisymmetric mode present for R < 5 kpc at all times, and that contamination from bisymmetric spiral modes is limited. We define the Fourier coefficient for the mth mode at time t as
where N is the number of particles with R < 5 kpc, m=2 for a bisymmetric bar mode, and φ j is the azimuthal position of the jth particle. We define the bar strength as the magnitude of equation (5).
The bar strength as a function of time for our model is shown in Fig. 5a . After buckling, the bar settles in strength for the remainder of the simulation. In comparison, the bisymmetric mode strength in the constant mass-to-light de Blok & Bosma (2002) model remained at the initial noise level of |A 2 | ∼10 −2 over the entire simulation runtime, which is more than an order of magnitude smaller than the bar strength measured in any of the variable mass-to-light models that we simulated.
To compute the bar pattern speed Ω p , we evaluate the numerical derivative of the cumulative azimuthal phase of the m=2 density mode in the inner disc (Ridders 1982; Press et al. 2007 ). The result is presented in Fig. 5b and is generally consistent with measurements by Chemin & Hernandez (2009) over the lifetime of the bar, particularly after the time of peak strength at t ∼5 Gyr. The pattern speed begins to decrease once the bar reaches maximum strength, presumably due to dynamical friction from the halo (Chandrasekhar 1943; Mulder 1983; Weinberg 1985) . At the onset of bar buckling (t ∼7 Gyr) the rate at which the pattern speed decreases changes and stays constant for the remainder of the simulation.
To quantify the relative speed of the bar we compute R as a function of time. The radius at which Ω(R) = Ω p in Fig. 5b defines R c . Accurate and robust determination of bar lengths in simulations is a long standing challenge (MichelDansac & Wozniak 2006) . We estimate the bar semi-major axis using a method similar to that described in Debattista & Sellwood (2000) , where a B is defined as the location of the upturn in the radial profile of |A 2 | near the bar edge. As noted by Debattista & Sellwood (2000) , this method tends to underestimate the length of the bar, particularly in the presence of noise. We mitigate this effect by considering the weighted mean of R over a dynamical time, where outlying values are down-weighted.
The resulting values of R are shown in Fig. 5c , and fall within the confidence bounds of measurements by Chemin & Hernandez (2009) for most of the simulation once the bar has formed, and especially at later times after the bar has begun to buckle. The large variability in R relative to Ω p and |A 2 | (Fig. 5a,b) arises because it is a ratio of two noisy quantities, R c and a B , particularly for t < 5 Gyr when the bar is still growing. It is clear that the bar in our model is slow, with R > 1.4 over the entire bar lifetime. We note that both R c and a B do increase over time, however, a B does so at a lesser rate and would have to approximately double in value for the bar to be considered "fast".
A more visual depiction of the bar's relative speed is shown in Fig. 6 , where the power spectrum of bisymmetric mode frequencies is plotted as a function of radius for 5 < t < 8.5 Gyr (Sellwood & Athanassoula 1986; Press et al. 2007 , see also Roškar et al. (2012) for a succinct description). The epicyclic frequency used to compute resonant frequencies in Fig. 6 was calculated from where Ω(R) = V(R)/R is the circular frequency profile of the galaxy and V(R) is the circular speed computed from the inplane forces, as described in Section 3.1 (Binney & Tremaine 2008) . The peak in power at (R, Ω) ∼ (3 kpc, 10 km s −1 kpc −1 ) corresponds to the bar. The structure at Ω ∼ 25 km s −1 kpc −1 between corotation and the outer Lindblad resonance corresponds to a bisymmetric spiral mode emanating from the edge of the bar. Also present in Fig. 6 are bisymmetric density modes that have accumulated along various resonances. The bar structure clearly does not extend to corotation, which is apparent from the order of magnitude difference in power between the peak power at R ∼ 3 kpc and the structure closer to corotation along Ω ∼ 10 km s −1 kpc −1 . Thus, the bar is slow since it is rotating at a frequency far less than Ω(a B ).
To investigate how the relative disc and halo mass distributions change as a function of time we compute F 2 , from equation (1), as a function of time evaluated at various multiples of the disc radial scale length of an exponential fit to the radial surface density profile for R < 12 kpc (Press et al. 2007 ). Fig. 5d shows F 
DISCUSSION AND SUMMARY
We have presented N-body models of the barred LSB galaxy UGC 628, one of the few systems for which a slow (R = R c /a B > 1.4) bar has been measured (Chemin & Hernandez 2009 ). We re-examined the surface brightness profile of UGC 628 by fitting SDSS DR10 photometry and applying the colour-mass-to-light ratio transformations of Into & Portinari (2013) , finding a higher surface density than previously reported (de Blok & Bosma 2002) . We used this surface density distribution together with rotation curve data from the literature to initialize our simulations with an exponential stellar disc with a fractional mass contribution enclosed within R = 2.2R d of F 2 2.2 = 0.44 embedded in an NFW halo. The disc developed a bar that begins to grow at t = 3 Gyr, peaks in strength at t = 5 Gyr, and finishes buckling by t = 8.5 Gyr.
The model provides a good description of the available photometry and kinematics of UGC 628 at relatively late times, between the bar's peak strength and buckling. The bar length and pattern speed that we measure from the simulations imply R ∼ 2 after the bar reaches peak strength, in broad agreement with the measurements of Chemin & Hernandez (2009) . We find that the bar redistributes mass effectively in the inner disc; our model therefore implies that UGC 628 is baryon dominated in the bar region and dark matter dominated further out.
The observations for UGC 628 by Chemin & Hernandez (2009) and the models presented in this paper imply that, in agreement with the photometric models of Rautiainen et al. (2008) , at least some late-type galaxies host slow bars. The pattern speed evolution of the bar in our model is broadly consistent with theoretical considerations and N-body simulations of submaximal discs, where drag from dynamical friction decreases the pattern speed (see Sellwood 2014 , for a review). However, the bars in most simulations are "born fast" with R ∼ 1 just after they form (e.g. Debattista & Sellwood 2000) , while R ∼ 2 in our model at all times. We attribute this difference to the relatively low stellar surface density and high shear in our model at R = R c , which follow from the LSB classification and flat rotation curve of UGC 628, even at early times (Fig. 4) : the disc therefore does not have sufficient self-gravity to support a bar mode out to corotation even before any braking has taken place.
Our model has a disc mass fraction within 2.2 exponential scale lengths of F 2 2.2 ∼ 0.4 throughout the simulation (Fig. 5d) , and is therefore dark matter dominated according to that definition. With V tot = 110 km s −1 and f DM = 1 − F 2 2.2 ∼ 0.6, our model sits on the lower 1σ envelope of the universal relation proposed by Courteau & Dutton (2015) , commensurate with LSB galaxies having systematically larger discs than their high surface brightness counterparts (e.g. Zwaan et al. 1995) . Contrary to the conclusion of Chemin & Hernandez (2009) given the low pattern speed of the bar, however, our model suggests that UGC 628 is not dark matter dominated at all radii but instead has F 2 0.5 ∼ 0.6 at the onset of bar buckling. Thus our model of UGC 628 provides an example of the fact that, as argued by many authors in the past (Debattista & Sellwood 2000; Courteau & Dutton 2015) , the disc mass fraction enclosed within the radius where its contribution peaks is not a reliable indicator of its dynamical importance at all radii. Pairing F 2 2.2 with a measure at smaller radii, such as F 2 0.5 , may be more informative (Fig. 5d) , although the latter is even harder to constrain observationally than the former due to uncertainties in stellar population models, dust obscuration corrections, and bulge contributions near galaxy centres, particularly in more massive systems than the one considered here.
We note that simulations show that the presence of gas during bar growth and evolution can influence its final properties (e.g. Bournaud et al. 2005; Villa-Vargas et al. 2010; Athanassoula et al. 2013; Athanassoula 2014 , but see Sellwood & Debattista 2014 . Most of these simulations distribute the gas identically to the stars at the outset, and therefore reflect the influence of molecular gas discs rather than the more extended atomic gas ones (e.g. Broeils & Rhee 1997; Frank et al. 2016) . The low star formation efficiency and quiescent star formation history of UGC 628 (Young et al. 2015) suggest a low molecular-to-atomic gas ratio both now and in the past, consistent with CO nondetections in late-type LSB galaxies (Das et al. 2006) . In addition, UGC 628 itself has an unusually low atomic-to-stellar mass ratio of M HI /M * ∼ 0.2 for an LSB galaxy (Springob et al. 2005; Kim 2007 ). We therefore expect the molecular gas fraction in UGC 628 to be low and its inclusion in our models to have little influence on the bar properties that we report here (Berentzen et al. 2007 ).
The baryon dominated central regions of UGC 628 implied by our model distinguish it from most others LSB galaxies, where kinematics and photometry suggest a dark matter dominated inner disc (Bothun et al. 1997; de Blok et al. 2001; Combes 2002; de Blok & Bosma 2002; Kuzio de Naray et al. 2008) . The disc in UGC 628 therefore has enough self-gravity to support a bar but also a sufficiently low central surface brightness (µ B,0 = 23.1 mag arcsec −2 , Kim 2007) for the system to be classified as an LSB. Indeed, the rarity of bars in LSB galaxies (Mihos et al. 1997) suggests that this balance is a delicate one. It may be the case that the properties of the bar and mass distribution in UGC 628 found here also apply to the few other known barred LSB galaxies, though to our knowledge pattern speeds for these systems have not been measured. Estimates of R and detailed dynamical models for these LSB galaxies as well as the other known systems with slow bars (Bureau et al. 1999; Banerjee et al. 2013 ) may help further explore the properties of such instabilities in late-type, low-mass, and LSB discs.
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